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Preface 
 
 
The Fractal Explorer 
 
There are some very special places to be found by the 
“Fractal Explorer” who ventures into this strange land. 
 
Like the early explorers who would travel to strange 
and exotic places and send back reports to the Royal 
Geographical Society, I have been wandering the 
complex plane and have gathered some truly amazing 
images for you to enjoy. 
 
 
Don’t let the technical stuff scare you away! 
 
If you’re into math and philosophy and stuff like that 
you will probably enjoy some of the background 
information. If not, just enjoy the images and the beauty 
of fractals. This journey is just as much for the artist as 
it is for the scientist! 
 
So, pack your bags and let’s go discover some amazing 
places! 
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Chapter 1: Let’s Go Sailing On Lake Mandelbrot 
 
We’re going to take a sailing trip on Lake Mandelbrot 
just to whet your appetite. Think of this chapter as a 
brochure from your local travel agent who is trying to 
entice you to visit a strange and beautiful land. 
 
Well, I’m that guy saying, “Look at all these pretty 
pictures. Take a trip with me and you will be amazed at 
what you find in this strange land.” 
 
Here’s a picture of the Mandelbrot set. It looks sort of 
like a lake with a very irregular shoreline so let’s call it 
“Lake Mandelbrot.” 
 

 
The sailboat is rigged and ready to go! Hop on board 
and let’s have a sailing adventure! We’ll stay close to 
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shore and stop once in a while to see what we can find. 
We could stop at many different places, but let’s just 
pull in at the three locations shown in the image below. 
At each stop we will do a little exploring. We’ll zoom in 
somewhat and have a closer look at what’s there. What 
do you think we will find? 
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Our First Stop takes us to a beautiful and safe protected 
harbor. 
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Our Second Stop is along the South West shore of the 
Big Lake. This is a great tourist attraction. 
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Our Third Stop is near “The Narrows.” This is a 
dangerous place! Sailors fear it because the winds are 
fierce and the currents are strong, but we will find a safe 
place to pull ashore for the night. 
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Chapter 3: Where Do These Images Come 
From? 
 
Now, this is a chapter you may want to skip if you’re 
not into the technical stuff that some of us like so much. 
 
 
The Computer Is The Modern Day Square-
Rigger 
 
During the early days of exploration sailors set out in 
square-riggers to discover strange new lands. Today the 
personal computer gives each of us the opportunity to 
be an explorer. With the computer we can travel to 
these strange places.  
 
Also, during the early days mathematicians liked 
equations that were smooth and continuous. They were 
called “well behaved.” Those that were discontinuous or 
had abrupt changes were called “ill behaved.” Today, 
with the advent of the personal computer, we have a 
way to study dynamic systems and things that all of a 
sudden get chaotic. We welcome the ill behaved 
equations. Anyway, how can an equation be well 
behaved or ill behaved? They are just doing what they 
do! Did you know nature is actually "ill behaved" most 
of the time? Well - it is. 
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And these are the equations that give us the beautiful 
fractal images you saw in Chapter 1. Your computer 
screen is like a window into another world – the world 
of the complex plane – the world of dynamic systems 
where the unexpected happens and things get chaotic. 
With the computer we have a new way of understanding 
nature, and attitudes are changing! 
 
A graphical approach helps us understand behaviors 
that seemed intractable not too many years ago. So, 
where do these images come from? 
 
 
Iteration 
 
"Iteration" means to do a process over and over again 
until some desired result is achieved. We are going to 
have a lot of fun and discover some beautiful and 
amazing things that result from the process of iteration. 
 
Here’s how it works. For any given function we have a 
starting value called the “seed value.” We work the 
function on that starting value and we get a result. 
Looking at the diagram below, the starting value is the 
“input” and the value we get by working the function on 
it is called the “output.” With iteration we take the 
output and feed it back in as the new input. I think you 
can see where this is going. We keep doing this as long 
as we like. The string of numbers we get is called the 
“orbit.” 
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Sometimes the numbers get bigger and bigger until they 
are too big to compute. Then we say the orbit tends to 
infinity. Sometimes the orbit goes to zero. Sometimes it 
goes nowhere – the number never changes. And 
sometimes it just bounces back and forth between two 
numbers forever. At some point we stop the process and 
assign a color to the starting value (seed value) 
depending how many iterations it took to get where we 
wanted.  
 

 
 
The x-y Coordinate System or Real Plane 
 
You are probably familiar with the x-y coordinate 
system. The x-axis is horizontal and the y-axis is 
vertical. In this system we can specify the position of a 
point by assigning it a pair of numbers (x, y). The 
diagram below shows the point (1, 2) in the x-y plane. 
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Complex Numbers 
 
There are all kinds of numbers. You may have heard the 
terms real, imaginary, complex, rational and irrational 
applied to numbers. To some people all numbers are 
complex as in complicated, and all numbers are 
irrational because none of them make any sense! Well, 
the terminology may be unfortunate, but we have to live 
with it. 
 
To introduce the concept of complex numbers let me 
ask you a question. What is the square root of minus 
one? You may say, “There is no such thing! You can’t 
take the square root of minus one. No number 
multiplied by itself will give –1.” 
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Well, surprise! There is such a number, and we call it 
“i.” To put it another way, i squared = -1. If you haven’t 
heard of this before it may sound a little strange. But it’s 
true i x i = -1. Any number that has an “i” in it is called 
an “imaginary number.” 
 
So we finally get to the definition of “complex 
number.” A complex number is composed of two parts: 
the first part is just a real number that we are all familiar 
with, and the second part is an imaginary number. 
Every complex number is written as the sum of a real 
number and another real number times i. For example 2 
+ 3i is a complex number. Wow! That’s far out! 
 
So, by now you are either getting really excited about 
complex numbers or you have already skipped to the 
next chapter. 
 
The Complex Plane 
 
The complex plane is similar to the real plane except the 
horizontal axis is called the real axis and the vertical 
axis is called the imaginary axis. The diagram below 
shows how we would represent the number 1 + 2i. 
 



 16  

 
 
So, that’s an introduction to the complex plane. If you 
want to know more there are plenty of YouTube videos 
and articles on the internet that will give you more 
detail than you ever wanted. 
 
The images for this book were generated using a 
program called “Winfract.” If you want to start 
experimenting with this program there is an excellent 
companion book called “Fractals for Windows: Hands-
On Fractal Exploration” from the Waite Group, 1992, 
ISBN: 1-878739-25-5. Besides helping you get a quick 
start with the program it contains lots of interesting 
background information regarding fractals. 
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Chapter 4: Fractal Basin boundaries 
 
If you have ever hiked in the mountains you have seen 
mountain peaks, lakes and ridges between the peaks. 
These ridges or saddles are very special places because 
they form watersheds. Raindrops falling on one side of 
the ridge will run down to a lake in the basin below, and 
raindrops falling on the other side will flow down to a 
different lake.  
 
These lakes could be called “attractors” because 
raindrops falling in the basin that surrounds them are 
“attracted” (by gravity) to them. And the basins 
surrounding each lake could be called “basins of 
attraction” for raindrops falling in them. Now, water 
does flow out of these lakes and so those drops get 
going on their way again. For this system we can call 
each of the lakes a “local minimum.” The final 
destination for those raindrops would be the lowest 
point they will ever reach – probably the ocean. That we 
would call their “global minimum.” 
 
So that’s what happens to raindrops falling on either 
side of a ridge, but what about those that fall right on 
the ridge? Well, that’s where it gets a little tricky. Of 
course the ridge is not a straight line. In fact the closer 
you look, the more convoluted it gets. This boundary 
between these basins of attraction is fractal in nature, 
and so we call it a “fractal basin boundary.” 
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Here’s a picture of the Kearsarge Pinnacles in the Sierra 
Nevada Mountains of California with Kearsarge Lake in 
the foreground. It’s easy to see how raindrops falling on 
this side of the ridge will flow into Kearsarge Lake and 
those that fall on the other side will flow somewhere 
else. 
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The diagram below represents this system. 
 

 
 
The Newton Method 
 
The Newton Method of successive approximations is a 
way to start with a guess and each successive guess gets 
you a little closer to the correct answer. Finally the orbit 
converges on the solution. If a function has more than 
one solution, and your initial guess is somewhere 
between the solutions, it may take several iterations but 
it will eventually get to one of them. 
 
Here is the fractal image for an equation with three 
solutions. Things are pretty straightforward in the basins 
of attraction, but get chaotic on the fractal basin 
boundaries. After the overview image we zoom in a 
couple of times. 
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Here are some more beautiful fractal images illustrating 
fractal basin boundaries for equations with five and nine 
solutions. 
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